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Abstract

Convection with asymptotically large viscosity contrasts occurs in the stagnant lid regime characterized by the
formation of an immobile lid on top of a convective layer. Convection beneath the lid is driven by the rheologi-
cal temperature scale rather than the entire temperature drop across the layer. A boundary layer treatment of the
mean field hydrodynamic equations with infinite Prandtl number, no-slip boundary conditions, and temperature-
and stress-dependent viscosity yields a scaling relationship for the stagnant lid heat flux. When the wavenumber
is chosen such that the heat flux is maximized, the scaling relationship is in reasonable agreement with results of
time-dependent, two-dimensional, convection simulations and boundary layer stability analysis. The best agree-
ment with data occurs for pseudo-steady state, low Rayleigh number convection before the fully time-dependent
asymptotic regime is reached.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
1.1. Stagnant lid convection

Thermal convection of a high Prandtl number fluid layer with temperature- and stress-dependent vis-
cosity occurs in an asymptotic, stagnant lid regime for an effective viscosity contrast across the layer of
>10°. In this regime, the most viscous part of the cold thermal boundary layer is rigid and only a thin
sublayer at the bottom of the stagnant lid participates in convection. Stagnant lid convection was pre-
dicted by Newtonian boundary layer analy§eg], observed in laboratory experimefi$}, and studied
in numerical simulationfd—7]. Various numerical and experimental data were reconciled by the scaling
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theory of[8]. Recently, the Newtonian boundary layer theofie&] were extended to non-Newtonian
viscosity[9].

For Newtonian stagnant lid convection, heat transfer scaling laws obtained from boundary layer anal-
yses[1,2] agree well with numerical simulations of steady convec{i®®]. Likewise, an extension
of the boundary layer approach to the non-Newtonian ¢@sshowed approximate agreement with
steady-state numerical studigs7]. Time-dependent Newtonian and non-Newtonian stagnant lid con-
vection[6,7,10,11]are consistent with scaling relationships suggested by boundary layer stability and
viscous dissipation analysgy.

The purpose of this study is to suggest a heat transfer scaling for non-Newtonian stagnant lid convection
based on a mean field approach. The advantage of this approximation is that limiting the flow in the
lateral direction to a single spectral mode results in a simplified form of the hydrodynamic equations
while retaining the strongest non-linear effect arising from modification of the horizontally averaged
temperature distribution by the convective heat transfer. Furthermore, the single mode wavenumber whict
maximizes the heat transport is determined. The results are compared to previously suggested scaling
and numerical simulations.

1.2. Viscosity

As in previous studies of stagnant lid convection, an exponential viscosity law is considered,
n=br " exp(—yT), 1)

whereb, n, andy are constants; is the second invariant of the deviatoric stress tensor,Taiglthe
temperature.

1.3. Non-dimensional parameters
The problem involves two non-dimensional parameters: the log viscosity contrast due to temperature
alone:
6 = In(An) =y AT, (2)
and the Rayleigh number based on the interior temperature
B apg AT d(n+2)/n
 bYmcinexp(—y Ti/n)’

whereq is the thermal expansivity is the densityg is the gravitational accelerationT is the tem-
perature difference across the layers the layer depthg is the thermal diffusivity and; is the interior
temperature. The Nusselt numbiy, is the average convective heat flux at the top of the lid normalized
to the conductive heat flux across the layer for the same temperature difference.

Ra

®3)

1.4. Previous heat transfer scaling relationships

All stagnant lid Nusselt number scaling relations are of the form
Nu= A6~ R&. 4)
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Boundary layer analysg2,9] suggest that for lid thickness variations on the order of the lid thickness
itself A = 4.33,; = 1andB = n/(2n + 3). For small lid thickness variatior$,9], A = 2.08,; = 1+ 8
andg = n/(2n + 3). Numerical simulations of stagnant lid convection indicate that while lid thickness
variations are large for Newtonian viscos[#], the lid is essentially flat for non-Newtonian & 3)
viscosity[5].

In the non-Newtonian = 3) case, numerical experiments in &1l box gaveA = 2.8, y = 0.96,
andgs = 0.29[9]. The discrepancy with theory may be due to the fact that the small aspect ratio box
imposes artificial constraints on the flow affecting the scaling relationship. It was also observed that high
Rayleigh number solutions became time-dependent. Forced steady state simulations inte®[6]
giveA =21,y = 1.33, andB = 0.33[7] in approximate agreement with flat lid boundary layer theory
[9]. For time-dependent convection, it is found numeric@ly’] that; = 1+ g andB = n/(n + 2)
in good agreement with viscous dissipation scaling theory and boundary layer stability afgilyais
extensive summary of scaling relationship parameters for both steady-state and time-dependent convection
determined by various studies can be foun{fin

2. Equations of convection

2.1. Hydrodynamic equations

In the Boussinesq approximation, the hydrodynamic equations describing Rayleigh Benard convection
in two dimensions are:

aui

F

ou; ou; ap 0 Ju;
p(W—Fquj) =—a—xi+§jﬂgj+,080l7“5i2, (5)
oT oT a oT

—tu— =« ,
ot 8Xj 8xj8xj

wherex; = (x, z) are the horizontal and vertical coordinatesis velocity, p is deviatoric pressurd,;
is temperature, ang is the viscosity. The coordinate origin is taken to be on the lower boundary, i.e.
increasing upward. To simplify the analysis we consider rigid boundaries. The boundary conditions are:

ui=0’ Z=09d9
T:To, Z:O, (6)
=", z=d,

whereTy — T1 = AT is the temperature difference across the layer.
2.2. Scaling analysis

The basic features of non-Newtonian stagnant lid convection are similar to those of Newtonian stagnant
lid convection[8]. A linear temperature distribution in the lid results in an exponential growth of the
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viscosity when approaching the surface. As a result, convection only penetrates into the cold lid a small
distance

3o

5~ —, 7
; ()
wheredy is the lid thickness. The temperature drop across this thin rheological sublayer is
AT
AT ~ 7 ®)

Balancing rheological sublayer buoyancy with a shear stress of the same order as the interior shear stres
gives,

56

On the other hand,

kd
Mrh ~ ﬁ, (10)
implying
-3
K (6
Eliminating$ gives the interior velocity scale
« /Ra)3/ @3
2.3. Non-dimensionalization
According to the previous section, the appropriate interior scales are
z~ da r~— _ ) u~ — - )
Kk \ 6 da\ o
(13)
AT pY/ng=vTi/n pY/na=vTi/n
T—To~—, N~ —, ~— .
T T waye o P wjay o
The non-dimensionalized hydrodynangiiq. (5)are ther{2]:
du;
i _ g
8Xi
1 /Ra\ /2@ /4y, du; ap 9 du; (Ra\>/@
— = - ) =2 T — T38:o,
Pr(e) <8t +”’axj) ax,-+ax,»axj+<9> 2 (14)

aT  dT (Ra>3"/<2"+3) 9 9T

o Yo, e

8xj 8)6]"



C.C. Reese, V.S. Solomatov/J. Non-Newtonian Fluid Mech. 107 (2002) 39-49 43
subject to boundary conditions:

M,’ZO, ZIO,l,
T=0 z=0 (15)
T=-6, z=1

3. Mean field theory
3.1. Mean field equations

The calculation closely follows that ¢£2] with much of the notation being the same. Two fields are
defined,

du; \ AT \?
wl=_<a_l/;> ) W2=—(¥) ) (16)

which are zero in the steady state. When the stater’) is close to a steady statey;, 7o), then to first
order inu; — ug; and7T — Ty,

d 0
/ dxyy = ;il / dx iy = % (17)
where
1 = /dx E <—) Pr <§) — uo,-uojg —Pr (7) Tous |, (18)
J J

(1 /Ra\ /@ r97\? 9T
=[|de|z|— — ) —uo;To—|.
v2 / * 2<9) (ax,) 1oIT%y;
If, to first order,u; = ug; +6u;, T = To+ 8T, p1 = ¢p10+ 5¢1 andeo = ¢+ 8¢, then becausg; and

¢, are constant in time for the steady stalg; ands¢, must vanish for albu; andsT. In other words,
the equations:

S| _ (592

8”[ 0 8T 0
where the expressions are evaluated at the steady state, reduce to the steady state form of the origina
hydrodynamidzq. (5) Consider a pattern of convection such that

Uy, = (Dwaf Wf> (20)

a? dx

—0, (19)

and

T = Tp + Ff, (21)
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whereD = d/dz, W, To andF are arbitary functions afandt, andy is a periodic function af satisfying

82
L=, (22)

normalized such thatf?) = 1 (brackets denote horizontal average) wheig the wavenumber of the
convection pattern. For the purposes of this work, we also chgfse: ( £3) = 0. Substituting (20) and
(21) in (18) and integrating overyields,

R —3n/(2n+3) 1 1 R 2n/(2n+3)
¢1:Pr<£) /dz §|:2(D\/\I)2+—2(D2W)2+a2W2i|—(;) FoW 1, (23)
a

b = / dz > (7> [a*F? + (DTo)? + (DF)?] — TooD(FWo) — FoWoDTo { .

Noting thatsT anddu; satisfy the boundary conditions, it follows that

Ra —3n/(2n+3) Ra 2n/(2n+3)
S = a®Pr (7) / dzsW { (D? — a®?W — a® (-) Fot, (24)

0
Ra\ ~3/@1+3)
8¢ = —/dz 8Ty (?) DZTO — D(FoWo)

Ra) ~3"/(@1+3)
+SF (-) (D? — a®)F — WoDToo | ¢ .

0
Thus,
a2Pr <7) SW
Ra 2n/(2n+3) 5¢2 Ra —3n/(2n+3) 5¢2
= (D? —a®?W —d? | — Fo— —=(— D?Ty — D(FoWp) — —
( a) S 3T 7 0 (FoWo) SF
Ra)\ ~¥/@1+3)
= <7> (Dz - az)F - WoDToo. (25)

The left hand sides vanish in the steady stdte= Wy, To = Too and F = Fp. Thus, dropping the
subscript, the equations of steady convection in the actively convecting interior are

Ra —3n/(2n+3)

<7> D?Ty = D(FW), (26)
Ra) ~3/(@1+3)

(7) (D? — a®>)F = WDT, (27)

Ra 2n/(2n+3)

(D? — a®)?W = a? (7) F, (28)
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subject to

W=DW=F=0, z=0,1,

To =0, z=0, (29)

To = —6, z=1
Integrating (26)

Ra 3n/(2n+3)

DTy = (?> FW — Nué, (30)
where in the steady statbiu = —9~DTgo 1. Integrating (30) over the actively convecting layer and
eliminating F using (28),

R n/(2n+3) 1
ONu~ 1+ a2 (7> / W(D? — a®)Wdz. (31)
0
Eliminating F and Ty from (27) using (28) and (30),
Ra —n/(2n+3)
83(D* — a®)>W = W | W(D? — a®)*W — a®Nu# (7) . (32)
Finally, eliminatingNu from (31) using (32),
14 Ra)\ 5"/@1+3)
/ —(D? - a?®P*W ~ —a? (—) . (33)
o W 0

3.2. Boundary layer analysis

In the boundary layer limif13], Ra— oo, (32) implies

5 - ) Ra —n/(2n+3)
W(D* —a“)*W = a“Nuf r , (34)

for the mainstream. IAW < DW asz — 1 — &g, then the solution of (34) which satisfi# = DW = 0
at the bottom of the lid is

1/2
Ra —n/(2n+3) 1 1/2
W ~ <02NU0 (?> (1 — 80 — Z)2 |:|n (m)} . (35)

Introducing a rheological boundary layer variable at 1 — 3o,
_1-30—z d 1d

~ - 36
8 ’ dz sdn’ (36)

n

implies

Ra\ /@143 172 1\ 1%/2 n2logn
~ 2 — 2 —_— 2—— ...
" (“ Nue(e) ’ ['n (8)} [” 2log(1/5) } G0
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with higher order log—log terms. On the other hand, in the mainstrBam,1 and ifa is large, the interior
velocity scale,

_ 12
w ~ Nué (Ra . (38)
a2 \ 60

Thus, matching the interior solution to (35) requires a layer beneath the rheological boundary layer where
D ~a.
From (37), the contribution from the boundary layer to the integral in (33) is

SCOR

In the layer whereD ~ a, the contribution to the integral isa® which is negligible compared to the
boundary layer contribution as it was assumed &t < DW ~ W/§ in the boundary layer. In the
remainder of the interior flon)) ~ 1 and the contribution to the integralis:°. Thus, (33) becomes,

1 Ra
e + a6 ~ a2_85n/(2n+3). (39)
8°log(1/6) 0
If
5n/4(2n+3)
an~ (%i) , (40)

—3n/2(2n+3) ~1/5
5~ (%a) [Iog (R;)} . (41)

SubstitutingW in (32),

Ra) ~30-D/@1+3) 1\
Nu~ ¢ ?Ra? (7) 578 [Iog <§>] . (42)

Finally, substituting fo anda yields the Nusselt number scaling relationship,
Ra) 3"/221+3) Ra\ 145
Nu~ 671 (7> [Iog (7>} . (43)

4. Numerical experiments

Stagnant lid, convective heat transfer was studied in a large aspect rafié]dJoxa viscosity law of
the form,

b
n=— g exp—yrT +y:2). (44)

Based on systematic numerical experiments the authors identified a low Rayleigh number, steady state
regime characterized by large scale, stationary convedtigh9] and a high Rayleigh number,
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time-dependent regime characterized by development of convective instabilities at the base of the lid
[8]. A direct comparison with mean field theory can be made for the purely temperature-dependent
viscosity casesy, = 0).

In the time-dependent case, the data can be fit with a scaling relationship suggested by stability analysis
[8,7],

Nu = (0.31+ 0.22r)9 20 +D/ (2 R/ 142 (45)

whereRg is defined in terms of the temperature at the lid base. For the mean field theory, a one-parameter
fit for the scaling coefficient gives,

R 1/5
NU = (0.16 + 0.43n)p ~7"+0/2@21+3) g/ 2n+3) [Iog <7a)} : (46)

These results are comparedHig. 1. The Nusselt number rms misfits are 0.36 and 044 (1) and 0.33
and 0.13 4 = 3) for (47) and (48), respectively.

Newtonian
14 -

12

2 4 6 8 10 12 14

Non-Newtonian

2+ N

1 1 L L L
1 2 3 4 5 6 7

Fig. 1. The time-dependent Nusselt number calculated using the fitting formula (model) vs. the numerical data (data) for
Newtonian viscosity. Open squares correspond to boundary layer stability analysis (47) and black circles to the mean field result
for the wavenumber that maximizes the heat transfer (48).
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Fig. 2. Stagnant lid convection Nusselt number contourRaa6® space. The thin solid lines aidu = [3,10,30] contours.

The thick solid line is the stability curv8]. For Newtonian viscosity, the thick dashed line is the location of the transition to
time-dependent convectidf]. For non-Newtonian viscosity, steady convection occurs only in a narrow parameter range and
the transition to time-dependence is not well constrained.

5. Discussion and conclusions

The results are summarized fig. 2 which shows Nusselt number contours in terms of the interior
Rayleigh number and viscosity contrast. In both cases, the thick solid line is approximately the stagnant
lid convection stability curvg8]. In the Newtonian case, the thick dashed line indicates the approximate
location of the transition to time-dependent convecf@jnIn the non-Newtonian case, this transition is
not well constrained.

It should be mentioned that while the analysis presented here strictly applies to convectionrolls, squares
or rectangles, the method is generalizable to other planf¢i@ls Data for stagnant lid convective
heat transfer in three-dimensional Cartesian boxes is linfiitéfd Whether free slip or mixed boundary
conditions can be analyzed requires further study. However, stagnant lid heat transfer is insensitive to
the upper boundary condition and the lower boundary condition can only change the coefficient in the
Nu-Rarelationship but not the scaling exponents.

The results are most applicable to low Rayleigh number, pseudo-steady state convagti@n Al-
though the mean fieldu—Rarelationship approximately fits the higher Rayleigh number data, convection
in this regime is characterized by different dynamics Whether this has some physical meaning or
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is just a coincidence is an open question. More data may help to answer this question. This situation is
similar to the Newtonian, constant viscosity case wih4¢ note an excellent fit of the mean field result
[12,13]to experimental data on heat transport by turbulent convection of cryogenic helium gas over a
wide range of Rayleigh numbeis5]. It should also be mentioned that studies of constant viscosity mean
field convection suggest that singlesolution are unstable at high Rayleigh numbers and that multiple
solution are preferrefd.6].
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